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Quantum critical behavior in disordered itinerant ferromagnets:
Instability of the ferromagnetic phase
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An effective field theory is derived, which describes the quantum critical behavior of itinerant ferromagnets,
as the transition is approached from the ferromagnetic phase. This complements a recent study of the critical
behavior on the paramagnetic side of the phase transition, and investigates the role of the ferromagnetic
Goldstone modes near criticality. We find that the Goldstone modes have no direct impact on the critical
behavior, and that the critical exponents are the same as determined by combining results from the paramag-
netic phase with scaling arguments.
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[. INTRODUCTION correct, and the critical behavior obtained in Il was indeed
exact, even on the ferromagnetic side of the transition. To
In two recent papers? hereafter denoted by | and Il, this end, we develop the ferromagnetic analog of the theory
respectively, an effective field theory has been developedjescribed in | and Il. The general strategy is to derive a
which describes the quantum ferromagnetic transition in distheory that expresses the system in terms of the order param-
ordered itinerant electron systems, and the exact critical begter fluctuations, and any other soft modes that couple to
havior was determined for all spatial dimensialts2. Soft them. We then analyze the resulting theory to determine the
modes in addition to the order parameter fluctuations, viz.¢ritical behavior of the system, as it approaches the transition
diffusive particle-hole excitation&diffusons”), were found from the ferromagnetic phase.
to play a crucial role in the determination of the critical be-  This paper is organized as follows. In Sec. Il we present a
havior. This theory studied the transition, as it is approachedimple generalized mean-field theory that allows an explicit
from the paramagnetic phase. The critical behavior in thelescription of the ferromagnetic phase based on the theory
ferromagnetic phase, in particular, the exponéntvas ob- developed in I. Its results agree with those obtained in II,
tained from scaling arguments. This raises the followingexcept that it does not reproduce the logarithmic corrections
question: In the ferromagnetic phase of a Heisenberg mage power-law scaling found in the latter paper. In Sec. lll we
net, the existence of spin waves, which are the Goldstonpresent and motivate an effective action for itinerant quan-
modes that result from the spontaneous breaking of the rotdum ferromagnets that describes the instability of the ferro-
tional symmetry in spin space, changes the soft-mode spe¢ragnetic phase. This action is analyzed by means of
trum compared to the paramagnetic phase. This change ignormalization-group methods in Sec. IV. It is shown that
twofold; the Goldstone modes appear in addition to the softhe generalized mean-field theory yields indeed the exact
modes present in the paramagnetic phase, while the transritical behavior except for logarithms. In Sec. V we summa-
verse spin diffusons, which are soft in the paramagneti¢ize and discuss our results. Several technical points related
phase, acquire a ma$&iven that | and Il demonstrated the to a derivation of the effective action from a microscopic
importance of all of the soft modes that couple to the ordemodel are relegated to an appendix.
parameter fluctuations, whether or not they are directly re-
lated to them, will this change invalidate the scaling argu- Il. GENERALIZED MEAN-FIELD THEORY
ments based on a theory for the paramagnetic phase? In thi . ¢ a simol o obtai )
A related question follows from the fact that the Gold- n IS Section we present a simple way 1o obtain an ap
stone modes, contrary to the soft particle-hole excitationspmx'mate theory for the ferromagnetic phase from the for-

exist at nonzero temperature as well a3 at0. Therefore, if malism of I. It will tum out that this simple theory produces
there was an observable whose leading critical behavior dee_ssenually the correct result, and thg techn_lcally more
pended on the Goldstone modes, then one would expect ! voIveq development in the later sections will serve to
observable to exhibit classical critical behavior on the ferro-> 0% this.
magnetic side of the phase transition, even at temperatures
low enough for the system to otherwise exhibit quantum
critical behavior. In such a case, the scaling arguments used We recall that the effective actiad in | took the form
in Il might still be formally correct, but their region of va- of a Landau-Ginzburg-Wilso(LGW) functional of the order
lidity would vanish. parameter fieldM, a generalized nonlinear-model for the
In the present paper we investigate the validity of thesoft fermionic degrees of freedoqgy and a term that couples

scaling arguments used before. We will find that they werdhese fields,

A. A simplified effective action
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Aett= ALaw M+ AnLoml gl + AL M, q]. (2.1

We simplify the expressions given in | for these terms by
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nents correspond to the particle-hole chanmel, products
of ), while r=1,2 describe the particle-particle channel

making a mean-field approximation for the order parametefi-€-., products ofj or ynp). For our purposes the latter are

field, i.e., we replace the fluctuating vector fiéldl by its
expectation value, which is characterized by a nunther

Me(x,7)~(M(x,7))=mz
M2(K)~ 8,580 VIT. 2.2

Here ,7) denotes the dependenceMfon real space and
imaginary time k andn are the wave vector and the Matsub-

ara frequency index, respectively, of the Fourier transform of

M, « is a replica indexy denotes the system volume, and
we have assumed that the magnetization orders iz tre3
direction. With this approximation, the LGW part of the ac-
tion becomes simply a Landau theory,

V|t )
ALGW”? —-—m-+

u
5 —m*+0(m®)|.

7 (2.3

The coupling term in the actiofEq. (2.259 in 1] simplifies
to

A= [ o 3 (D

x% trf (7,®53) QL(X)]. (2.4
HereK, is the spin-triplet interaction amplitude of the under-
lying fermionic model; the spin-triplet interaction term has

not important, and we therefore drop-1,2 from the spin-
quaternion basis, as was done in | and Il. In terms of the
remaining fields, the spin density can be expressed as

ni(x,i Q)= ﬁ; ; Y a(X) Tapmsnp(X)

=ﬁ§ r:Eos(J—_mr[(rr®si>Qm,m+n(x>],
(2.50

and the magnetization couples linearly to the spin density, cf.
Eq. (2.4). The difference betwee@ andQ is that the former
contains all fermionic degrees of freedom, while the latter
contains the soft fermion excitations only. The latter can be
parametrized in terms of a matrix fietg'*

_ [Vi-ag q
Q= q" 1 q7q|- (2.50

The elements of this block matrix, clockwise from upper left,
denote those elements @ that have frequency labels
n{,n,>0; n;>0,n,<0; ny,n,<0; and n;<0,nN,>0, re-
spectively.

The nonlinears model can be expressed in terms@f
3,4,6,7
ag246

been decoupled by introducing the Hubbard-Stratonovich

field M. Q is a composite fieftlthat originates from the
fermion variables®

- 'J’mZzT - l/flTZu Y112 Yy
_ I_ - thJm - l/quzl — o Y1
2 EuEzT %% Eul/le _Elllr//ZT
_JnEzT _EnEzi _Enl/le Jnl/fm
(2.539

Here ¢ and ¢ are the fermionic, i.e., Grassmann-valued

fields that provide the basic description of the electrbasd
all fields are understood to be taken at positorThe indi-

ces 1, 2, etc. denote the dependence of the Grassmann fields A(S)—

on fermionic Matsubara frequencuasn =27T(n,+1/2)

and replica indicesy,, etc., and the arrows denote the spin

projection. It is convenient to expand the<4 matrix in Eq.
(2.53 in a spin-quaternion basts,

3
Quo= 2 (779)Quz, (25D
with 7o=sp=1,, the 2xX2 unit matrix, and 7;=—s;
—ioj (J=1,2,3), with oy, 3 the Pauli matrices. In this
basis,i=0 andi=
triplet degrees of freedom, respectively. Tie 0,3 compo-

1,2,3 describe the spin-singlet and spin-

fdxtr(VQ(x))vaZHf dxtr(QQ(x))

NLUM:%
+ARIQ], (2.63
with Q) a frequency matrix with elements
045=(70®Sp) S120, - (2.6b

The coupling constant§ andH are proportional to the in-
verse conductivity and the specific heat coefficient, respec-
tively. AS is the spin-singlet interaction,

> 2 tl(res)

ny,np,m «a

> REE

]}{tr[( 7'r®SO)Qn2+m nz(x)]}’
(2.60

with a coupling constanK. At the level of the bare effec-
tive action, Ay, does not contain any spin-triplet interac-
tion term, since the Hubbard-Stratonovich decoupling turned
the latter into the terms containid. For later reference we
note, however, that under renormalization a spin-triplet inter-
action will be generated as long Es+ 0. We therefore add

to the action a term

in n1+m
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~TK 3 effective equation of state that was obtained in Ref. 9, and it
Ai(,§2=—tJ dx >, (=17 X > > {t(r®s) has the same qualitative properties. Notice, however, that the
4 r=03 npng.m e i=1 derivation of Eq.(2.99 did not involve any divergent inte-
A wa ~ aa rals, while the equivalent result in Ref. 9 was obtained b
Xinv“ﬁm(x)]}{tr[(Tr@s‘)Q"ﬁmv"z(X)]}’ (2.6d ?esumming an incf]inite series of divergent terms. We WiIIy
discuss the relation between these theories in more detail in
Ysec. V.
While the above procedure provides a fast and simple
_ way to incorporate soft-mode effects into the equation of
B. Generalized Landau theory state, and the agreement with prior results is encouraging,
We now can obtain a generalized mean-field or Landawur mean-field approximation is of course uncontrolled. Fur-
free energy density(m) that takes into account the effects thermore, since it neglects the order parameter fluctuations, it

of the fermionic soft modes by formally integrating ayt does not shed any light on the role played by the Goldstone
modes. In the following two sections we will therefore con-

with K, the spin-triplet interaction constant generated b
renormalization.

e A, struct an effective field theory for the ferromagnetic phase,
f(m)—l\lllino\/Nlnf Dlaje”, (2.7 and perform a renormalization-group analysis to study the

critical behavior. We will find that the results of the general-

with N the number of replicas. Sincde; containsq to all  ized mean-field theory are indeed exact apart from logarith-

orders, the integral in Eq2.7) can be performed only in mic corrections to scaling.

terms of a loop expansion. The lowest-order term is obtained

by expandingQ to second order im. The integration can

then be done exactly. The Gaussian propagators that arll- EFFECTIVE FIELD THEORY FOR FERROMAGNETS

needed for this calculation have been given iithe gener- In this section we present an effective field theory for the

alization to the cas&,#0 is straightforward, and can also ferromagnetic phase in analogy to that for the paramagnetic

be found in Ref. 8 and we therefore only give the result, phase given in I. The structure of such a theory can be de-
duced without a calculation by combining various existing

f(m)~f(m=0)+ £m2+ Em4+ E results for disordered itinerant ferromagnets. In the interest
2 4 \% of brevity and clarity, we pursue this route. We have also
" 5 - 5 o chec!<ed the resglt by means of a derivation from a micro-
«S TS In [k*+G(H+K)Q,]*+ 7G°Kim scopic model, using the methods of | and Ref. 10. We sum-
ra =t (K2+GHQ,,)2+ 7G2K,m? ' marize the salient points of this derivation in Appendix A; a
complete account has been given in Ref. 11.
(2.9 In 1 it was shown how to derive an effective long-

By minimizing f(m) with respect tam, we obtain a general- Wavelength and low-frequency field theory for a disordered
ized mean-field equation of state. If we introduce suitablemetal that approaches a ferromagnetic instability. We now
units, drop nonessential constants, and add an external magive the corresponding action for a ferromagnetic metal,

netic fieldh, the latter can be written which we will motivate below. We denote the fluctuations of
the longitudinal part of the order parameter fidéddabout its
const (K®+Q,)Q, expectation valuenby 6M ., and the transverse part by; .
h=tm+um®-m—— 2 T Similarly, we denote the spin-singlet and the longitudinal

VR AT (K Q)% m?2 spin-triplet components of the fermionic fietpby q,, and
(2.93 the transverse spin-triplet componentsdy The action then
with const>0. An inspection of the integral shows that the has the general form
leading term for smalim is finite for d>2, and that the
leading nonanalytien dependence is given by(®=2"2 The

_ 46 G
generalized mean-field equation of state thus reads A M,q]= AT M ,q,]+ ATM,q]

h=tm-+om¥2+un?, (2.99 +AA[SM¢,M¢,q¢,0:] (3.13

with v>0. ) ) Here the superscript G denotes the action at the Gaussian

We see that for 2d<6 the nonanalytic term dominates eye| \where the longitudinal and transverse fields decouple,
over them* contribution. The expi%nen]& ands, defined by geparated into longitudinal and transverse contributians.
m(h=0)=(—t)” andm(t=0)=h"", respectively, for 2d  opresents contributions of higher than bilinear order in the
<6 in this approximation are fields. We now specify the various terms in this action in the

p=2d-2), 6=di2. (210 eeing everything that s not necessaly for power counting

These values agree with those found in Il, apart from logaand considering all fields as functions of real space position
rithmic corrections to scaling that the generalized mean-fielck and Matsubara frequencies. The Gaussian contributions are
theory misses. Equatiof2.99 is also very similar to the then given by
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G o ) ) of ferromagnetic Goldstone modes. The structure of the fer-
Ag :J dX[[t|+apg-20% “Fag205]1(8M) mionic vertex suggests that the magnetization can scale like
a gradient squared. For the transverse magnetization vertex,

+f dx G%%%JF H,O+TK Q?che,l\/?f dx8M 0 \rlglaatiiﬂ,)lga terms that represent the classic dispersion
(3.1 Q~mk?, (3.33
as well as terms that reflect the nonanalytic magnetization
A?=f dx[ay q_,m 4" M252+ a, 05 M7 dependence of the magnon effective miss,
1 Q~mld-2/%e2, (3.3b
+f dx Et‘9>2<+HtQ+Km qt2+ct,1‘ﬁf dxM Q. Again the leading dynamics come from the coupling to the

fermions, which here produces a tefdm due to the mass
(310 inthe qg; vertex. Equation$3.3) therefore show that we must

HereK is a generic coupling constant that is equakipin  include a simple gradient-sqared term, as well %ﬁ%/gfﬂdient'
the spin-singlet channek, in the longitudinal spin-triplet squared term with a coefficient proportional g in

channel, and, in the transverse spin-triplet channels. we the M vertex in order to accurately represent the Goldstone

now motivate this form of the Gaussian effective action. modes. The latter reflects the same nonanalyticity as the
9=2 term in the longitudinal channdtecall thatm~ 42).

First, the magnetic order breaks the rotational symmetry’x
in spin space and forces us to distinguish between the Iongi-he transverse magnon or the Goldstone mode thus has the
tudinal and transverse components of all fields. The softform
mode structures in the longitudinal channels are similar to
those in a paramagnet. The spin-singlet and the longitudinal (M{(KM(—K))= 1
spin-triplet fermionic fields are known to be unaffected by e ay g_m @ VA2 4 a, K2+ c2,Q/m’
the presence of a nonzero magnetizatisee, e.g., Ref.)38 ’ ' ' (3.9

the vertex forg, thus has the same form as in I. The same is . .
e Beyond the Gaussian order, the transverse and singlet/

true for the longitudinal order parameter fluctuations. TheI tudinal spin ch | led. B vzina th )
distance from criticalityt, is actually magnetization depen- ongitudinal spin channels are coupied. by analyzing the spin
Structure of the action as given in I, we find, schematically,

dent, but this is irrelevant for power counting purposes. Th
coupling betweedM , andq, is also unaffected. Notice that
this coupling provides the leading frequency dependence of A A= CZ,lﬁJ dx &M g7+ cz,z\/fJ dxéM g7
the M, propagator, viz., a term proportional £/k?, with

k a wave vector. We will refer to this propagator as the lon-

gitudinal magnon. That is, in the Fourier space and for small +Cz,3ﬁf dxéMqq;+ Ule dx(6M)*
wave numbers and frequencies the longitudinal magnon
propagator has the form

+u2Tf dx(SM)?(My)%+ ung dx(sM,)*
(oM (k) M ((—K))

1, 4 1,
- 1 +f dx aﬂé’x"‘H‘Llﬂ q€+f dx @ax—'—HAZQ
[t|+apq-olK|9 2+ ay K2+ Gyc2  QIK? 1
52 +mlafa+ [ ax G d et mal. @9
For this reason we have left the less leading direct frequencyhe first and the third class of terms are thie? and g*
dependence+(}) out of the M, vertex. vertices, respectively, that were found to be important in de-

Equations(3.1) and(3.2) demonstrate an important point scribing the critical behavior as the transition is approached
that was discussed in detail in | and II; nam9|y, there is MOrgrom the paramagnetic phase_ TNEZIZ vertices would gen-
than one time scale in the problem, and hence more than ongate the nonanalyticities in thd? vertices if they had not
dynamical exponenz.”" The diffusive dynamics of the fer- peen included in the bare action, and together withghe
mions are described by an exponert2, while the critical  vertices they give rise to log-lognormal corrections to power
z, which describes the critical dynamics of the order paramigws. We also include aM? vertex since its coupling con-
eter field, has a different value. This will be important in stantu is a dangerously irrelevant operator with respect to

what follows. . ~ the magnetizatioh?
The soft-mode structure in the transverse spin-triplet

channel is qualitatively different compared to the paramag-

netic phase. The transverse fermion fields acquire a mass
proportional tom; see, Ref. 8 or Eq.2.4). The order param- We now conduct a power-counting analysis of the action
eter vertex, on the other hand, is massless due to the presergigen in Sec. Ill. The purpose of this exercise is to determine

IV. RENORMALIZATION-GROUP ANALYSIS
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the role of the Goldstone modes in the ferromagnetic transi- =2 (4.33
tion, and thus compare the critical behavior on the ferromag- ) o o )
netic side of the transition with the results from the paramag¥Nis. together with the marginality &, implies thatmis
netic theory. mar.gmal, as one would expect on physmal grounds, and so is
For the following analysis, we assign lengthsa scale . since[h]=[m]+[t], see the equation of state, E¢2.9),

g|men3|on off L]_— - 1. Rescaling Iength; by a_factbrun— [m]=[h]=0, (4.30

er a renormalization-group transformation will change all
other quantities according t—b!AIA, with [A] the scale while 1/G, and H, are irrelevant with scale dimensions
dimension ofA. In particular, the temperaturé and fre- [1/G;]=[H;]=—2. We further choose, and c;; to be
quency() have a scale dimensidiT|=[{)]=z. The scale marginal. This rendera, 4_, marginal as well,
dimensions of the fields we characterize as usual by means of

exponentsy, ** [a2]=[at,a-2]=[Ct,1]=0, (4.30
[6M]=(d—2+ 7,)/2, 413 and it leads to
=0, 4.3
[M=(d-2+ n/2, (.19 i (434
and to a transverse time scale governed by a dynamical
(G, d=(d—2+ 7 )/2. (410  exponent
As in Sec. lll we consider all fields functions of frequency z,=2. (4.39

and real space position. Throughout this section we use Ma’s
technique of choosing scale dimensions, and then checking We see that at the stable fixed point the various time
self-consistently whether this choice leads to a physical fixegcales coincide, and there is only one dynamical exponent,
point* z=2. This reflects the fact that, deep in the ferromagnetic
phase, the diffusive electron dynamics, the frequency depen-
A. Stable fixed point dence of the longitudinal magnon propagator, £32), and
L . i _ . the dispersion of the Goldstone modes, E§s3), all lead to
Before considering the critical fixed point that describesihe same scaling of the frequency with the wave number.
the ferromagnetic transition, it is illustrative to discuss theg o, Eq.(3.5 it is then easily seen that all nonGaussian

stable fixed point that corresponds to the system deep in therms in the action are irrelevant with respect to the stable
ferromagnetic phase. We start with the longitudinal degreefiyeq point, with the least irrelevant operators having scale

of freedom. _ _ _ dimensions equal te- (d— 2)/2. Temperature and frequency
The natural choice fot is to be marginal at the stable e rejevant operators, of course. This establishes the de-

fixed point.® This choice determines the scale dimension Ofscription of the ferromagnetic phase within our formalism.
oM, so we have

[t]=0, p,=2. (4.29 B. Critical fixed point

We now turn to the critical fixed point that describes the
erromagnet-to-paramagnet transition. Since this is a
symmetry-restoring transition, any sensible candidate for the
critical fixed point must have the feature that the longitudinal
7,=0. (4.2b and transverse fields have the same scale dimensions. We

) ) demand that the fermion fields be diffusive,
By the same argument, the dynamicsf, i.e., the scale

dimensions of) andT in the g, vertex, should be governed ne=mn =0, (4.4a
by a dynamical exponert=2. We further choose the cou-
pling ¢, ; to be marginal, which implies that the dynamics o
oM, , as represented by the factgF in the last term in Eq.

g, we expect to be unaffected by the magnetization, so w
choose its scale dimension to be consistent with diffusiv
behavior,

¢ with a time scale given by

= 2. 4.4b
(3.1b), are also governed bg=2. We thus have Zdt ( )
Equations(3.1b and(3.19 then imply
[Ce1]=0, zgr=2,=2. (4.20 G e y ’ 10 .
From Eq.(3.1b we then find thatG,, H,, andK are all [G]=[G=H]=[H]=[K]=0. “.9
marginal, We furthermore require that, , andc, , are marginal, which
implies
[G(]=[H]=[K]=0, (4.20 M M1t e
= =1+(d—2z)/2. .
while a; 4, anda, , are irrelevant with scale dimensions [oMJ=[M] ( ) 4.6
[a¢4-2]=—(d=2) and[a, ]=—2, respectively. Herez is the dynamical exponent associated with the factor

We now turn to the transverse degrees of freedgnis  of T in either of the coupling terms in Eq$3.1h and
expected to be a massive fluctuation deep in the ferromad3.10. As was explained in |, thig can equal te, €.9., in
netic phase, which means we choose terms in perturbation theory where the longitudinal magnon
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propagator is convoluted with a diffusive one, which makes d/2 for 2<d<6
the frequency in Eq3.2) scale like a wave number squared, o= 3 for d>6 (4.11b
making the longitudinal magnon effectively massive. The '

critical longitudinal magnon, on the other hand, we expect toan inspection of Eq(3.5) shows that all corrections to the
be massless. In this case, we choasq_, to be marginal  Gaussian action are irrelevant with respect to the Gaussian
for 2<d<4, anda, , for d>4. This implies a critical time  fijxed point, except that, is marginal in the event that the
scale factor \T in this coupling carries the diffusive time scale. It
d for2<d<a was shown in | an_d Il that this can indeed happen, and that
ZC:[ (4.7) f[hls makesc? marginally releyant w[th respect to the Gauss-
4  ford>4, ian fixed point. The actual critical fixed point therefore con-
tains the effects of,. This is a result of the existence of two

as well as a critical exponeni= n,= 7, time scales in the problem. Furthermore, the term®@f?),

4—d for 2<d<4 which are irrelevant by power counting, turn out to be effec-
,7—[ (4.9 tively marginal as well. This was also shown in | and II, and
0 for d>4. the logarithmic corrections to scaling that result from these

t is by definition the only relevant operat@apart from the ~Mmarginal operators were explicitly determined.

temperature/frequency and the external magnetic)fiaich There is no need to repeat the discussion of the logarith-

physical critical fixed point, and its scale dimension deter-MiC corrections to scaling, since it is now clear how this
mines the correlation length exponent=1t]. We thus solution carries over to the present case. Above we have
have shown explicitly that scaling works in the ferromagnetic

phase, with the magnetization having a scale dimension

{1/((1_2) for 2<d<4 [m]=2. This means, in particular, that the results obtained

v= (4.9 inll from scaling arguments for the free energy were correct.
172 for d>4. For instance, the exponet is given by the result of the

We now turn to the scale dimensionmf From Eq.(3.19,in  generalized Landau theory, E@.10, with logarithmic cor-
conjunction with Eqs(4.4a and(4.5), we have rections as given in Eq3.6¢ of II.

[m]=2. (4.10a V. DISCUSSION AND CONCLUSION

exponentsB and &, we need to take into account that the gdditional remarks.

critical behavior of the magnetization is affected by danger-
ous irrelevant variables. From the equation of state, Eg.
(2.9b, we see tham(h=0)xy 24-2) for 2<d<6, and
m(h:O)ocu_l/z for d>6.18 The effective scale dimension of In summary, we have constructed an effective theory for
m is therefore [m]og=[m]+2[v]/(d—2) for 2<d<86, the instability of the ferromagnetic phase of a disordered
and[m].s=[m]+[u]/2 for d>6. But from the equation of itinerant Heisenberg ferromagnet at the quantum critical
state we have [u]=[t]-2[m]=-2 and [v]=[t] point. We have shown that the presence of ferromagnetic
—(d—2)[m]/2. This yields[u]=—2 for d>6, [v]=0 for ~ Goldstone modes, or spin waves, does not change the critical

A. Summary

2<d<4, and[v]=4—d for 4<d<6. Therefore, behavior compared to that obtained by supplementing results
from the paramagnetic phase with scaling arguments. We
2 for 2<d<4 have also given a very simple generalized Landau theory for

this problem, which takes into accout the effects of soft fer-
mionic modes independent of the order parameter, and which
1 for d>6, yields the correct critical behavior in all dimensiods-2
apart from logarithmic corrections to power-law scaling. The
results of the Landau theory are the same as those originally
2/(d—2) for 2<d<6 obtained from a nonlocal order parameter theory in Ref. 9.

p= 1/2 for d>6. (4.109

[Mlg=1{ 4(d—2) for4<d<6  (4.10b

which leads to

B. Hertz’s fixed point

Fin_ally_, the .effective scale dimension of the external mag- We briefly discuss how Hertz's fixed poffitelates to the
netic fieldh is above discussion. Suppose one ignored the mode-mode cou-

pling effects that are represented by the coefficients_,

d for 2<d=4 anda, 4_, in the Gaussian action, Eq®.1), and byv in the
[hleg=[t]+[m]es=4 2d/(d—2) for 4<d<6 equation of state, Eq2.9b. Then one has, for ati>2,
3 for d>6,
(4.113 [t]=[m]=2,[u]=-2, (5.13
which implies which leads to
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[M]er=1, [h]er=3. (5.1b obtain the essentially exact critical behavior, but of course
this is clear onlya posteriorionce the RG analysis has been
The dynamical critical exponent is then performed.
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Of course, for 22d<<4, this fixed point is unstable against
the mode-mode coupling effects as was discussed in detail in APPENDIX A: DERIVATION OF THE EFFECTIVE
I. For 4<d<6, itis actually stable, and the only reason why ACTION

Hertz’s theory does not yield the correct critical behavior is
that it misses the leading dangerous irrelevant variable fo&
the magnetization, which is rather thanu. For d>6, the
exact critical behavior is mean-field like.

In this appendix we give the exact effective action at the
aussian level, as it emerges from a derivation from the
microscopic theory. A schematic version of this result, which
is sufficient for power counting, was given in E¢3.1), and
motivated by general arguments in Sec. Ill. We start with the

C. General remarks general field theory, Eq$2.10 of I. The first step is to find

We finally come back to some of the points mentioned in® saddle-point solution that is appropriate f_or a ferromagne‘gic
the Introduction. We have shown, by explicitly consideringPhase. One then separates soft and massive modes, and inte-
the ordered phase, that the scaling arguments used in | and4[2{es out the latter in tree approximation. The result is the
to extract the critical behavior of the magnetization weredeSired effective field theory for the soft modes.
correct, and can be justified by a renormalization-grdr@)
analysis. In particular, the presence of the magnetic Gold- 1. Stoner saddle point
stone modes does not invalidate these arguments since the Equations(2.10 of | allow for a homogeneous saddle-

transverse fermionic modes and the magnetic Goldstong,int solution that reproduces the Stoner theory. This is the

modes es_sentially just switch_ roles as one goes into the fe%‘addle-point considered in Ref. 10, supplemented with a
romagnetic phase. We mention, however, that we have r,‘%taddle-point value for the order parameter fisld
addressed the question of the size of the quantum scaling

region for any particular observable. This question can only [ Oz e 88500 + 5nSiaO3 Ala
be answered by an explicit crossover calculation for the ob- rQue)lep= 914 r0910Qn, + ra0iaQn, ], (AL
servable of interest, which follows the behavior of the ob- -

servable through the entire critical regionTat-0. 'rAlz(x)|Sp= O1d — 5rob‘i0i2nl+ 5r35i3iAnl], (Alb)

Another point of interest is the relation between the

theory developed here and Ref. 9. Like Hertz’'s theory, the i _

latter was a pure Landau-Ginzburg-Wilson theory, i.e., a field M%) sp= 8n,0613m/ VT
theory formulated entirely in terms of the order parameter ere we use the same notation as in I, with (b, , ), etc.,

field; the fermionic degrees of freedom had been integrateComlorising both frequency and replica indices. By substitut-
out. This integrating out of soft modes resulted in nonlocaling Eqs. (A1) into the effective actiond [Egs. (2.10 in

vertices that made the theory unsuitable for explicit calcula- . ) ”

tions, but the critical behavior could be extracted by a comPaPer 1. and using the saddle-point conditions4/5Q

bination of power counting and scaling arguments. It is in-= 0A/6A=5A/6M=0, one obtains the saddle-point equa-

teresting to see that the current series of papers hd#ns

completely vindicated this treatment. In particular, the equa-

tion of state derived in Ref. 9 was E(R.9a expanded in m—4i(5)
2

(Alc)

1/2

3 hioy0
powers ofm?, and the critical behavior determined in the T% Qme ™, (A23)

nonlocal theory was indeed exact, except for the logarithmic
corrections to scaling in 2d<4, which were discussed in i
. It is also interesting to see that the much simpler general- Qg:_ E Gﬂ(k), (A2b)
ized Landau theory of Sec. Il B, which is based on a Gauss- AN

ian approximation, reproduces the results of Ref. 9, and thus

is also exact except for the logarithms. The reason is that, as 3 3

we have seen, only two classes of non-Gaussian terms ulti- Qn:E zk: Gy(k), (A2c)
mately contribute to the critical fixed point, namely, the

terms ofO(Mg?) and those 0D(qg*), and both of these lead

only to logarithmic corrections to the Gaussian critical be- S =
havior. Section Il therefore provides a very simple way to " 7NgTg

Q2—4iTFS§ Qlelomo, (A2d)
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i 5 as well as
A= 7TNF7'e|Q“+ A, (A2¢)
with i s
NZ=— lim G- (k). (Adc)
A=—(2T)Ym. (A2f) PV e F "
Here
01y 1f o+ - These quantities represent the Born approximation for vari-
Cn(k)=2[Gn () +Gn (K], (A33) ous conductivities and densities of states in the split-band
G3K) =[G (K -G (K], A3b system of the Stoner theory. They are generalizations of the
”.( ) 2_[g” (_ )=Gn (K] (A3D) analogous quanties defined in Ref. 4. For a physical interpre-
are Green's functions given in terms of tation of these quantities, see Ref. 11.
F(K)=: , A3c
G (k) o= A -2, (A3c) 2. Gaussion soft-mode theory

with &,=k?/2m— . I's are the interaction amplitudes pro- . . .
portional to Ky, that were defined in I. Upon substituting The separation of soft and massive modes works in anal-

Egs. (A2a) and (A2f) into (A2e), one recovers the saddle- ogy to |, although the procedure is more cumbersome in the
point equations of Ref. 10 and’ hence the Stoner theory. presence of a honzero magnetization. The massive modes are
It is useful to define various transport and thermodynamidntégrated out in tree approximation to arrive at an effective
quantities in terms of these Green’s functions. We will neec©ft-mode action, and the soft fermion modes are expanded

in powers ofq [cf. Eq. (2.5d], again in analogy to I. The
complete procedure and result can be found in Ref. 11. Here
we list the Gaussiafi.e., bilinear inM andq) contribution

to the effective action. The higher-order terms are obtained

+

+ 1 : 2 1 + +
o —mﬂy'r:qnlo 2 E[g” (K)+G (k)]

1, . N analogously.
+ d_mk Gn (KG (K|, (Ada) The Gaussian action has the general form
and
-1 1 - A% a,M]=AnLom[ 9]+ ALew[ M1+ Alg,M]. (A5)
o :mnllrlnfzoz [E[gn (K)+Gm(k)]
L We expand thg matrices in a spin-quaternion basis, see Eq.
o= e (2.5b). The fermionic part of the action, which is the Gauss-
* dmk Gn (k)gm(k)}’ (A4D) ian part of a generalized nonlinearmodel, is given by
|
3
Anomld]==42 > X D X (Snn,Onn[K5 rs (S0t 83 (KRIGSHHYQ, )
aB ny,np,ng,ng k rs=03i,j=0
+ il s( B+ 82 (KRIGSHHYY, )+ iy (o(KPIGPHHAY, )+ il (o(K2/ G2+ 2IHA) ]
- 5n1—n2,n3—n45aBTrs772{Ki(} ,rs[( I\IIS:)25i0+ ( Ng)25i3] + KI(] rles:NI%})qugﬁz(k)!squn‘t( - k) (AG)
|
Here  represents trace in spin-quaternion space, The coupling constant& andH in Eqg. (A6), as well as the
densities of stateN, are magnetization dependent generali-
Ki(},rs: (7, Tl)tf(SiSjT), zations of the analogous quantities in I. They are given by
Kl 5= $t(7am D) [tr(s35i8]) +r(sise8))], (A7a) G*=16/m(05 +0q), G*=16lm(0g ~0g),
Kij s = SU( T3 TO[tr(SgSiS]) — tr(sisss]) 1, Gs=16/m(oy +0q5), G*=16lm(aj—0y), (A8a)
K o= — Str(T TO(S38iS3S] ). (A7b) NE=(Nf+Ng)/2, Né=(NZ—Ng)/2,  (A8b)
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HS2= 7 N394, (A8c)

PHYSICAL REVIEW B68, 054411 (2003

comes from the coupling betwedh andq, cf. Eqg.(2.4), but
has been included iy ., Since it contains only fermi-

As can be seen by a direct comparison, the schematic actiashic fluctuations.

given by Eq.(3.1) reflects all qualitative features of the com-
plete result. Notice that the malig\ in the transverse vertex

3
AluwIM]=—2> EO <2—6no>2k ”2:1

a n=

+ 5,35]31_‘{1'2 (Dm+n m /Dr:wn,m)"' 5i3513

Here, we have adopted the notation of Ref. ID;and £
correspond to modified “diffusons” in the longitudinal and
transverse spin channels, respectively. They are given by

DK = (K[ 1= (k) 27NET],  (A10a)
Enm(K) = 7an(K)/[ 1= 7p(K)/27NgT],  (AL10b)

with
brm= (@0 + @32) = (923 + (A100)
Tom=(@om— @n) = (@nm—@nm),  (A100)

and

o= VE GUpP)GL(p+K) (u,v=0,3), (A10e

with G%2 given by Egs.(A3). We have also introduced the
notation

(A1)

TZ’[..

The LGW vertex simplifies in the limit of long wavelengths
and small frequencies. By usity

.]Esz: O[mm+n)][ ...].

T Dmn(k=0)=—Ng, (A12a)

and

T &5 .(k=0)=—1/2T, (A12b)
m

one recovers the functional form given in E¢3.1), except

The LGW part of the action that results from integrating
out the massive modes is

Sij+ (61651t 62052~ 'Klzu)FtTZ; [Emenmt (=) E M nm]

2
FF {TZ m+nm D_+nm)}

ME(K)YM? (—K).
1-TT> " (Dienm® Dinsnm)

(A9)

Finally, the coupling betweel andq to bilinear order is

3 3
AMal=2 2 2 2 2 42Tk (NP’

r,s=0,3i=
+ il s(NB)2]1b 1K) La 1o —K). (A13a)
Here,b is a field with components
012K) = By, (—)Z2 By,
X['MY(k)+ (=) M (k) ], (A13b)

Again, this has the same functional form as the schematic
representation in Eq$3.1).

3. Gaussian propagators

The Gaussian propagators can be obtained by inverting
the quadratic form given by the Gaussian action in the pre-
ceding subsection. We do not list the complete propagators
here, which can be found in Ref. 11, but give only the hy-
drodynamic parts of the diffusons, which are needed in the
calculation. Fomm<0, one finds

D (k) 2Nz (Al4da)
" DR+ [ Q|
Here,D*=1/G*H™ with
1/G*=1/GS+ 1/G?, (A14b)
H*=HS+H2 (A140)

can be interpreted as the Boltzmann diffusivities in the upper

for the nonanalytic terms that emerge only at one-loop ordeand lower Stoner band, respectively.

and were added in Sec. Il

Similarly, one finds fom>0 andm<0,
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+ 27TN|:
Enm(K)= (A15a)
N*L2 H
[Qn-m+ DK 557 214
Here,D*=D/(1%2iA7)=1/G*H, with
1/G* =1/G+ 1/G2. (A15b)

PHYSICAL REVIEW B8, 054411 (2003

Notice that Eq(A153) holds only forn>0 andm<0. The
result forn<0, m>0 is given by the relatiofl

Enm(K=E 1K) (A150)

By means of these expressions, one readily finds that the
propagators have functional forms as given in Sec. lll.
Again, the nonanalytic dependences brand A are not
included in the Gaussian theory, and have been added in
Sec. lll.
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We use the notationa~b for “a approximately equal®,” a
=b for “ a is isomorphic tdb,” and a~b for “ a scales likeb.”

177 is defined by the scaling relation between frequency and wave
number,Q~|k|%

BWe note that it is permissible at this point to use the generalized
mean-field equation of state, whose validity we want to estab-
lish. The point is that the equation of state serves only to obtain
the values of the exponen and § from [m], while the fact
that[ m]=2 suffices to justisfy the scaling arguments used in I,
which, in turn, establishes the validity of the equation of state up
to logarithmic corrections. See also the last paragraph of this
section.

19This distinction between the cases 0, m<0 andn<0, m>0
was not made in Ref. 10.
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